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Last time : We discussed a

bit about The relation of a

Lie
group G to its Lie algebra

G = FG but I neglected to

state one of the main theorems

in the subject :

G - Tangent space @ 1

TG
U

exp 'S ← S

Thea) Every

finite
dime Lie algebra G

over k=R is the Lie algebra of a

unite ( up to isom
. ) connected and

sifted
Lie

group .

( b
. ) [ f : G

,
→ G

, ]<⇒ Ldf: TG ,

- ,t.GR
Lie

group homom
. Lie algebra honour

.



"

simple
" Lie algebras : Nonabdian k

,

no nontrivial ideals

J ely sub Lie algebra

but V. xeey ,
Yet

,
KYJEJ

Example of non simple Lie algebra

Poincare '

algebra = Lie algebra of Poincare'

Kie
group

Affine Euclidean

1→TRd→Eudd) -109+1

Lie algebra Level : I translations
in µth direct 'm

t Mµv rotations in

( Pm
,
Pu ] =o

in Plane

C Pa , the ] : fxpp - fuepx

( Mm ,
M

, ,
]= Sum of 4 M 's

.



Simpleliecnoup

( a.) It 's Lie algebra is simple
±

( b ) G is connected
,

nonabelian
and does not have nontrivial

Connected normal subgroups .

N . B
. SU Cn ) is a simple

Lie
group

and

Z¢ucnD={wj1n|w=e×psff
I zn

is a normal subgroup .
So a

SimpleLie group
"

is not the

same thing as a Lie
group

which

is also a simple group .



Why you
need the

"
connected

and simply connected
"

criterion :

G x T same Lie algebra as G
T T 4

pie
finite Lie

Similarly if Pc z( G)

→

Gyp
is a lie group with

the same Lie algebra as G .

e.g. sY2)/zzI SON )

1 t
~

Suk ) = soy
2×2 antiheomitim 3×3 real

traceless matrices antisymmetric

[ JIJJ ]= gijkgk
matrices



Every compact Lie group

1→ Go - G - t.CC ) - I

T
-

group of

cptof identity components .

Go = Gssxtd
.

finite

Coss = LIG;← compact
- simple .

Compact simple

,sinFy
connected

,
connected

'

Sufn ) have been classified by

[
S0(2n+ , )

Canton :

. Usplan )
. SO(2n ) ( snimply connected cover

'Gee ,y

is spincan , )
. Fe

, 52
. Eg 78

. E

,
133

. Eg 248



Dynkin diagrams En series

Eq infinite dine
.
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"
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Spine÷
Heisenbegcroups

Consider general central extensions

1
→ A - G- -G. P

Abelian Abelian

E = { Caig ) |a€A,g€G }

( a
, ,g , ) . ( angz ) = (aiazflgige ) ,g,gD

±cycle .



group commutation
ZE ,

U

[ (

a.,±
) ,(aagz ) ]= ( Kftgs÷

, ,⇒¥7
Gab

.k : GxG→ A
=

"

commvlatm function "

k= ffgi, 92 ) ftp.gj
'

@ inut under frf
'

by coboundanz
�2� G- Abelian iff k= 1

�3� k skew
, alternating , bimultipbiative

klgig .gg ) = KG , ,gs)k( gags )

DEI General Heisenberg group is

€fits in such an extension

with k nondeg¥at i.e.

gtl then F g
'

so that

k( g , g
' ) =/ 1

.



If k is nondegenoate
then

z@ ) ± A ie
.

E is

amaximally non Abelian extension

of G by A .

AAtul ) or a fin
. gen

.

Subgroup of Ui )

G product of

* Neetw spaces

**Ms:IgehFd92kFdiang€then we have a nice theorem
:

Thm :

Isomclassesofaeofsuchgbyuchareintlcomespondeucewithcontinuosbimalliplicalinealternaligfnctions

k : 6×6

-÷



"

alternating
"

: kcg , g) = 1

Mood easier then solving cocyde
relation and computing the Coho

.

class
.

Remarks :

( 1.)
"

Finitely Generated Abelian Groups
"

AT < go ,
.

- .

,g*|
[ gig;l=i )

-

I

→TorfA) → A →z* → ,
sweatede

- split ,

finite Abelian
bcuknonontag

.

de± For any Abelian
group A

there is a canonical finite subgroup

Torstar ) : = { a c- A ) aonahea; finite }
.

Important that A is Abelian
.

Altar , a
± Zr II "



So
,

what are the finite Abelian
groups ?

Kronecker Structure Theorem :

Every fin
.

Ab
. gp .

is Isom
.

to a

product of cyclic groups.

÷ncanonially

Ga €74:z)×Zdx(Rz÷)i✓
Important that k

only characterizes

€ up
to isomorphism .

To construct

an actual
goop one must find a

cocy¥ f st
. key

;gD=tfsg{,÷,
Theorem

guarantees that if k
is binult

. and alternating ,
then

f exists
.



Pontnyaginduality
Recall discussion of clock k

,

shift

ops
for QM

.
°n

i. jj
DEI 'S - Abelian

group

Poantryagindual
group : £ :=

group of continuous homeomorphisms

X : S -sU( 1)

"
continuous

"

.

.

The theory is richest

for topological Abeliangroups ,
in faet

Kl@pottopalogicalAbeliangropiXisloc.cpt.ifVxeX.F

KCX
, Open U xeuck

.↳ apt.



finite
groups ( discrete topology )lot"ITs

,

time
dimensional

usiftohfttmpwsan

A - dine Hilbert space is a topological
Abelian

group ,
but is not loc

. Cpt .

÷loc
. apt .

Abelian
group

& : . { SEE.us' 'hommj
£ is a locally compact
Abelian

group .

( X
; Xz ) ( s ) : = X

,
Cs ) Xp )

defines the
group product .

Given s e S
'

we have a

map £ → 04 ) be evaluation
.



ers : X → XCS ) e UCI )

:^

Ftse?Yg.fm?eaest*p.s.teu+]
£ =  Group of unitary 1- did

reps of S
'

S
'

Abelian of the aboe typeall imps one tdiml
.

evs = £ is a character
on

the loc
. opt. Abelian

group £
^

S →& x5
- s : X → Xcs )

.

M± :

S ± £



Exampled : 5=2%2
Xe Homes,

Ui ) )

XCT ) E U ( l )

XCI ) = CXCT) )l ttmadn
.

X (Of Xin ) = ( XH ) )
"

= 1

.

'

' XCT ) is an hth root of

1/2%3I Res(ns±Z%z
Now

by Kron
. structure theorem

we get PD
.

for all fin
.

Abelian
groups .



Exampled'G=R
XERT

XC xty ) =XHXy )

So Xcx ) = expcax ) Ae E

E Ucl ) anti R
.

it KER

Xkcx ) = Cik×
Ken

RT
- R

.

Example } : S = Z =< , >*
li ) G UCI )

×§n's 9
"

Xs ,XseX{ s
.

£ Iucn



Exampled S=U( 1)

Xe Honda)⇒
# z R→uci )

ten
,

Xcx ) = eikx

= eikktz )
kez

XnPs)=9nn←£<# 1- dine imeps of Ui )

% a
:IeItew
oh,±z←Tui )

.



Example 5
-

Generalizes

^
zd = UC1 )d

# )d = zd

G = zd but embedded in

Euclidean
space R&

lattice in Rd pcphd
✓

a

!
'

oie "

€ |p
2

a

aRiyp
I tons €nd

PC Ad
using Eud

. product
can deline dual lattice

M={KeRd/kreZ }i.



PV will also be a d- diml

lattice
.

what are the
unitary imeps of T ?

for
XM ) = e×p(2#ikey )

any
Ke Rd

-

we get a

unitary imep of R

XKHTK ) = X*0 , )X , .lk )
But this is a redundant

parameterization .

K *+g getv
then

Xk - Xx+g %

Xe+§r ) = expfnritk.r+§M
= XKCX )



So In
d.

PD
. ( P ) I Rd/q*IUi)

e.

XEN )=

e×p(2#ik
. y )

Where K is
any lift of fi

to TRQ

PD
. (Rldlpv) I p

Xylk ) = exp (2*ikJ)
- ×

-

Bloch 's theorem in and matter

physics.



Electrons
Mary in a crystal -

Regular away
of charged atoms

C C Ed invariant under

translation by a laltie Pc Rid
.

a

=
m*

=
a a a

Reduce the
Schrodinger problemof electrons in the crystal to that

of a ¥electron moving
through array of changed atoms

.

←a ?Fox) = H

e.g. #⇐E-Zic←× - Xil



Teto ) =

-

vcx )

set
so p Commutes with H .

In this case dan Construct

the

Hayride1*um→
UWxP→p→o= ×at a Hilbert

Abelian grouper commuting with

H
. o#

So :

Eigenspaceslhde

compose
into

imed
.

Mpsofpthseone I did
.

Labeled by PDP ) = Riypv
/ ,

MU

( TH ),H]=O
.

Billouintuns
.

"



Hy = EY e

then 4⇐)= eikxycao
K periodic under

# ,

EFV tduallatrie p

solid state physics 2#T✓=" reciprocal
lattice "

Utcx ) periodic × -5×+8

descend to functions on

Rd/p compact torus
.

Spectrum for a fixed K

gilt 'H eik "

= difflop . acting
On factions on

×
* 1 Td=k%

,
but€19?U)*n→.

itdependsonk' Hk



Hk is an operator on functions

on TYT = compact space

.
i has a discreteeigenspedrum .

÷€E
'

} baudstwdme

÷÷Rieko
Binnihlooin

Next time 11:40 or 11:46
.

Start time




